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1. Introduction

In present paper, we consider wave functions of B-model on a Calabi-Yau threefold in
various polarizations and relations between these wave functions.

One can interpret genus 0 B-model on a Calabi-Yau threefold X as a theory of vari-
ations of complex structures. The extended moduli space of complex structures, the
space of pairs (complex structure, holomorphic 3-form), can be embedded into the middle-
dimensional cohomology H?(X,C) as a lagrangian submanifold. The B-model for arbitrary
genus coupled to gravity (the B-model topological string) can be obtained from genus 0
B-model by means of quantization; the role of Planck constant is played by A\? where \ is
the string coupling constant. (This is a general statement valid for any topological string.
It was derived by Witten [[[J] from worldsheet calculation of [B]. ) The partition function of
B-model is represented by wave function depending on choices of polarization in H3(X, C).
If the polarization does not depend holomorphically on the points of the moduli space
of complex structures, then the dependence of wave function of the points of the moduli
space is not necessarily holomorphic. (The ¢-dependence is governed by the holomorphic
anomaly equation.) This happens, in particular, for a polarization that we call complex
hermitian polarization. Other papers use the term “holomorphic polarization” for a com-
plex hermitian polarization in the sense of present paper; we reserve the term “holomorphic
polarization” for a polarization that depends holomorphically on the points of the moduli
space of complex structures. The holomorphic polarization in our sense was widely used in
mirror symmetry; this polarization and its p-adic analog were used to analyze integrality
of instanton numbers (genus 0 Gopakumar-Vafa invariants) [g].



The main goal of present paper is to study wave functions in various polarizations,
especially in holomorphic polarization. We believe that Gopakumar-Vafa invariants for
any genus can be defined by means of p-adic methods and this definition will have as a
consequence integrality of these invariants. The present paper is a necessary first step in
the realization of this program. It served as a basis for a conjecture about the structure
of Frobenius map on p-adic wave functions formulated in [I(]; this conjecture implies
integrality of Gopakumar-Vafa invariants.

We begin with a short review of quantization of symplectic vector space (section 2).
In section 3, 4 and 5 we use the general results of section 2 to obtain relations between the
wave functions of B-model in real, complex hermitian and holomorphic polarizations. In
section 6 we compare these wave functions with worldsheet calculations of [B.

The holomorphic anomaly equations were recently studied and applied in [1], [5], [6],
[9], [11]. Some of equations in our paper differ slightly from corresponding equations in [1],
[11]. However, this difference does not affect any conclusions of these papers.
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2. Quantization

We consider a real symplectic vector space V' and a symplectic basis of V. (A symplectic
structure can be considered as a skew symmetric non-degenerate bilinear form < , > on
V; we say that e®, eg, a,3 = 1,--- ,n = dim(V) is a symplectic basis if < e, el >=<
easeg >=0, < e eg >=d5.) It is well known that for every symplectic basis e = {e“, ez},
one can construct a Hilbert space H,; these spaces form a bundle over the space M of all
symplectic bases and one can construct a projectively flat connection on this bundle.! The
situation does not change if we consider, instead of a real basis in V, a basis {e%, e} in
the complexification of V requiring that e, be complex conjugate to e®.

The picture we described above is the standard picture of quantization of a symplectic
vector space. The choice of a basis in V specifies a real polarization; the choice of a
basis in its complexification determines a complex polarization. The quantum mechanics
lives in Hilbert space of functions depending on n = %dimV variables. To construct this
Hilbert space, we should fix a polarization, but Hilbert spaces corresponding to different
polarizations can be identified up to a constant factor. In semiclassical approximation,
vectors in Hilbert space correspond to lagrangian submanifolds of V.

Let us describe the Hilbert space H, for the case when e = {e“, e} is a symplectic
basis of V. An element of V can be represented as a linear combination of vectors e*, eg

'One says that a connection V on a vector bundle over a space B is projectively flat if [Vx, Vy] =
Vix,y] + C, where C is a constant depending on X,Y. For an infinite dimensional vector bundle over a
compact manifold B with a unitary connection, this means that for every two points e, € of B connected by
a continuous path in B, there is an isomorphism between the fibers H. and He defined up to multiplication
by a constant; this isomorphism depends on the homotopy class of the path. We say that a section ® of
the vector bundle is projectively flat if Vx® = Cx® where Cx is a scalar function on the base.



with coefficients xq,x®. After quantization, z, and z® become self-adjoint operators i,
#% obeying canonical commutation relations(CCR):
L sa 8 NPV Y
[Za,Zg] = [2%,27] =0, [Zq,27] = ;504 (2.1)
We define H,. as the space of irreducible unitary representation of canonical commutation
relations.
A (linear) symplectic transformation transforms a symplectic basis {e®, e, } into sym-
plectic basis {€%, é,}:
& = Mgel + N*Pey
~ Jé] B (22)
€a = Rope” + Saeg.
This transformation acts on Z,Z% as a canonical transformation, i.e. the new operators
To, 2% also obey CCR, they are related to o, 2% by the formula:

&% = NPgg + S5i°

. . 2.3
Zo = MEZg + Rpail. (2:3)

It follows from the uniqueness of unitary irreducible representation of CCR. that there
exists a unitary operator T" obeying

z* =TT 1,

: 2.4
Fo = TiaT7L. 24

This operator T is defined up to a constant factor relating H, and Hg. In the case when
{€%, €4} is an infinitesimal variation of {e“, ey}, i.e. € = e + de where

e = mgeﬁ + naﬁeg,

2.5
deq = rageﬁ + sgeﬁ, (25)
we can represent the operator T as 1 + 07", where
1 oops o oL peas 1 .ap
0T = —gp " Tadp + 7 M8 = 5prapt®d +C. (2.6)

This formula determines a projectively flat connection on the bundle with fibers H, and
the base consisting of all symplectic bases in V. A quantum state specifies a projectively
flat section of this bundle.

The irreducible unitary representation of CCR can be realized by operators of multi-
n

plication and differentiation on the space of square integrable functions of z',--- ,z"; one

can take 24V = %V and z,¥ = ?887‘% Then a projectively flat connection takes the form:
B s 0PV 5 00 1 o p

We will call elements of H, and corresponding functions of z!,--- , 2" wave functions.

It is important to notice that in Equation (R.7) instead of square integrable functions,

we can consider functions ¥(z!,--- , 2") from an almost arbitrary space &; the only essential



requirement is that the multiplication by =% and differentiation with respect to ¢ should
be defined on a dense subset of £ and transform this set into itself.

Sometimes it is convenient to restrict ourselves to the space of functions of the form
v = exp(%) where ® = > p,h" is a formal series with respect to i (semiclassical wave
functions). Rewriting (P.7) on this space we obtain

1 2P o 9P d 1
5 = —n’ <ha oe | 0° 0 ) S L “rapr®a® + hO.

2 z20z8 = Ox® Oxb T b 2

Let B be the set of all symplectic bases in the complexification of V. We consider the
total space of a bundle over B as the direct product B x £. One can use Equation (.7)
to define a projectively flat connection on this vector bundle. (The coefficients of infinites-
imal variation (R.§) of the basis in V' must be real; if we consider {e%, ey} as a basis of
complexification of V', the coefficients of infinitesimal variation obey the same conditions
neb = phe TaB = TBa; mg + sg = 0, but they can be complex.)

Notice, however that in the real case we are dealing with unitary connection; the
operator T¢ s that identifies two fibers (up to a constant factor) always exists. In complex
case, the equation for projectively flat section can have solutions only over a part of the set
of symplectic bases. (Recall that the fibers of our vector bundles are infinite-dimensional.)

It is easy to write down simple formulas for the operator T¢ s in the case when NV B =

or Ryg = 0. In the first case we have

1
o)) = exp (= g (R )y ) W(s507), (28)
in the second case
Tee(P)(2%) = - E(MNT)‘”ai2 U(Sga’) (2.9)
e,e x = exXp 9 axaaxv BCC . .

Combining Equations (@) and (@), we obtain an expression for T¢ s that is valid when
M and S are non-degenerated matrices,
Te sV (z) = exp (—L(RMI)O( mam7> { exp (—E(MNT)Q'Yi) [@((Mfl)axﬁ)] }
’ 2h 7 2 ox*oxY p
(2.10)
Using the expression (R.10) and Wick’s theorem, it is easy to construct diagram tech-
niques to calculate Te,éeF .
Recall that Wick’s theorem permits us to represent an expression of the form
i eV @) dx where A is a quadratic form and V(z) does not contain linear and quadratic

terms as a sum of Feynman diagrams:
1 o
/exp <§aijxlxj>ev(m)dx =V (2.11)

where W is a sum of connected Feynman diagrams with propagator a*/ (inverse to aij)
and with vertices determined by V (z). Using this fact and Fourier transform we obtain a

diagram technique for Te,éeF .



It follows from this statement that the action of T¢ s on the space of semiclassical wave
functions is given by rational expressions. This means that the action can be defined over
an arbitrary field (in particular, over p-adic numbers).

The above statements can be reformulated in the language of representation theory.
Assigning to every symplectic transformation (B.2) a unitary operator T defined by (P.4)
we obtain a multivalued representation of the symplectic group Sp(n,R) and corresponding
Lie algebra sp(n,R) (metaplectic representation). The representation of the Lie algebra
sp(n,R) can be extended to a representation of its complexification sp(n,C) in an obvious
way. However, the metaplectic representation of Sp(n,R) cannot be extended to a repre-
sentation of Sp(n,C) because Sp(n,C) is simply connected and therefore it does not have
any non-trivial multivalued representations. (See Deligne [f] for more detailed analysis.)

3. B-model

From the mathematical viewpoint, the genus 0 B-model on a compact Calabi-Yau threefold
X is a theory of variations of complex structures on X. Let us denote by M the moduli
space of complex structures on X. For every complex structure, we have a non-vanishing
holomorphic (3,0)-form ©Q on X, defined up to a constant factor. Assigning the set of
forms AQ2 to every complex structure we obtain a line bundle £ over M. The total space of
this bundle, i.e. the space of all pairs (complex structure on X, form AQ), will be denoted
by M. Every form Q specifies an element of H3(X,C) (middle-dimensional cohomology
of X) that will be denoted by the same symbol. Notice that {2 depends on the complex
structure on X, but H3(X,C) does not depend on complex structure. More precisely,
the groups H?(X,C) form a vector bundle over M and this bundle is equipped with
a flat connection 8, (Gauss-Manin connection). In other words, the groups H3(X,C)
where X runs over small open subset of M are canonically isomorphic. However, the
bundle at hand is not necessarily trivial: the Gauss-Manin connection can have non-trivial
monodromies. Going around a closed homotopically non-trivial loop v in M, we obtain a
(possibly) non-trivial isomorphism M, : H3(X,C) — H3(X,C). The set of all elements of
H3(X,C) corresponding to forms €2 constitutes a lagrangian submanifold L of H3(X,C).
(The cup product on H3(X,C) taking values in H%(X,C) = C specifies a symplectic
structure on H3(X,C). The fact that L is lagrangian follows immediately from the Griffiths
transversality.) We can also say that we have a family of lagrangian submanifolds L, C
H3(X,,C) where H3(X,,C) denotes the third cohomology of the manifold X equipped
with the complex structure 7 € M. Notice that the Lagrangian submanifold L is invariant
with respect to the monodromy group (the group of monodromy transformations M,).
The B-model on X for an arbitrary genus can be obtained by means of quantization
of genus 0 theory, the role of the Planck constant is played by A?, where \ is the string
coupling constant. (More precisely, we should talk about B-model coupled to gravity or
about B-model topological string.) Let us fix a symplectic basis {e4, e} in the vector space
H3(X,,C). Every element w € H3(X,,C) can be represented in the form w = 24e 4 +2 4e4,

A

where the coordinates x“*, x4 can be represented as zt =< eA,w > xp = — < eyp,w >.

Quantizing the symplectic vector space H3(X,,C) by means of polarization {e4,e?}, we



obtain a vector bundle H with fibers H,. (It would be more precise to denote the fiber by
H. e stressing that a point of the base of the bundle H is a pair (7, e) where 7 € M and e
is a symplectic basis in H3(X,,C), however, we will use the notation H,., having in mind
that the notation e for the basis already includes the information about the corresponding
point 7 = 7(e) of the moduli space M.) As usual, we have a projectively flat connection
on the bundle H. Let us denote by B the space of all symplectic bases in the cohomology
H3(X,,C) where 7 runs over the moduli space M. Then the total space of the bundle H
can be identified with the direct product B x £, where £ stands for the space of functions

depending on z4. Let us suppose that the basis {e,e?} depends on the parameters
ol,--. 0¥ and
et = mgeB +n4Bep (3.1)
0iea :’I“ABBB—{—SEGB, ’
where in the calculation of the derivatives 0; = %, we identify the fibers H, by means of

Gauss-Manin connection. Then a projectively flat section (x4, 0%, \) satisfies the following

equation
ov 1 —2 A_B A,_B 0 1 2, _BC 62 A ;
80-i = — 5)\ TABT X —|— mB,I ax—A —|— 5)\ mn W + CZ(O') \I](CC ,O'Z, )\) (32)

This follows immediately from Equation (2.7). (Recall that the wave function ¥ depends
on half of coordinates on the symplectic basis {e, e?}.)

The wave function of the B-model topological string is a projectively flat section ¥ of
the bundle H that in semiclassical approximation corresponds to the lagrangian submani-
fold L coming from genus 0 theory. Of course, such a section is not unique and one needs
additional assumptions to determine the wave function.

Notice that the right object to consider in B-model is the wave function ¥(z,e, \)
defined as a function of 24 and polarization e = {e,e?}. However, it is convenient to
work with ¥ restricted to certain subset of the set of polarizations. In particular, we can fix
an integral basis {g4(7),¢”(7)} in H3(X,,C) that varies continuously with 7 € M. (The
integral vectors of H3(X,,C) are defined as vectors in the image of integral cohomology
H3(X,,Z) in H3(X,,C).) It is obvious that the vectors {g4, g} are covariantly constant
with respect the Gauss-Manin connection, therefore we can assume that in this polarization
the wave function does not depend on the point of moduli space. It can be represented in
the form

o0
Wreal (7, 1) = exp [Z Awfg(:c/*)] : (3:3)

g=0
where F, is the contribution of genus g surfaces. The leading term in the exponential
as always specifies the semiclassical approximation; it corresponds to the genus zero free
energy Fy(z?). In the next section, we will calculate the transformation of the wave
function ¥ from the real polarization to some other polarizations. It is important to
emphasize that the Gauss-Manin connection can have non-trivial monodromies, hence the
integral basis {ga(7), g (7)} is a multivalued function of 7 € M. The quantum state
represented by the wave function W, should be invariant with respect to the monodromy



transformation M., ; in other words, one can find such numbers c, that
M’y\Ilreal = C’y\prealy (34)

where Mv stands for the transformation of wave function corresponding to the symplectic
transformation M., (in other words My corresponds to M, under metaplectic representa-
tion). The condition (B.4)) imposes severe restrictions on the state Wyey, but it does not
determine W, uniquely.

In the next section, we will calculate the transformation of the wave function ¥ from
the real polarization to some other polarizations.

4. Complex hermitian polarization

Let us introduce special coordinates on M and M. We fix an integral symplectic basis
3°, 9% ga, g0 in H3(X,C). (This means that the vectors of symplectic basis g*, g4 belong
to the image of cohomology with integral coefficients H3(X,Z) in H3(X,C). We use small
Roman letters for indices running over the set {1,2,--- ,» = h?!} and capital Roman
letters for indices running over the set {0,1,--- ,7 = h>'}.) Then special coordinates of
M are defined by the formula

XA=<g* 0>,

Recall that dimc M = h?!, dimCMv =dimcM+1 = %dimc H3(X,C). Hence, we have
the right number of coordinates.

The functions 24 =< g4, > and x4 = — < ga, > define symplectic coordinates on
H3(X,C); on the lagrangian submanifold L we have

__oR@Y
A= aiEA )

where the function Fj (the generating function of the lagrangian submanifold L) has the
physical meaning of genus 0 free energy. Notice that the lagrangian submanifold L is
invariant respect to dilations (this is a consequence of the fact that € is defined only up to
a factor), and it follows that Fj is a homogeneous function of degree 2.

Identifying M with the lagrangian submanifold L we see that the functions z4 on L
are special coordinates on M.

If two points of M correspond to the same point of M (to the same complex structure),
then the forms Q are proportional; the same is true for the special coordinates X4. This
means that X4 can be regarded as homogeneous coordinates on M. We can construct

inhomogeneous coordinates t!,--- | ¢" by taking ¢! = %, i=1,---,h%'. One can consider
the free energy as a function fo(t',--- ,"); then
Xt Xr
0 042
R X7) = (KPS 3 )

Let us work with the special coordinates X4 =< ¢#4,Q > on M and coordinates

t¢ = % on M. One can say that we are working with homogeneous coordinates X°,--- , X"



assuming that X = 1. We define cohomology classes €, on a Calabi-Yau manifold X using

the formula

Qg = 0,0 + w12,
where w, are determined from the condition Q, € H*! and 9, (a=1,--+,r= h271) stands
for the Gauss-Manin covariant derivatives with respect to the special coordinates t* = §§—§

on M. Representing  as X4g4 + 04 Fpg” and taking into the account that ¢” and g4 are
covariantly constant, we obtain

0,8 = 9o + aaaBFOgB =gaA—+ 7-aBgB-

(Recall that it follows from the Griffiths transversality that 8,0 € H*? + H>!. Every
element of H3? is represented in the form w(); this follows from the relation H3° = C.)

Now we can define a basis of H3(X,C) consisting of vectors (€2,,,Q,Q). (It is
obvious that (£2,€,) span H>Y+ H?!. Similarly, Q,,Q span H>! + H%3.) Let us introduce
the notation

- , 5 (<=4 OF OF
e K =-i<Q,0 >:z<X an‘ _XA8X21>’ (4.1)

(The function K can be considered as a potential of a K&hler metric on M.) Then we can
calculate €, using the relation that < Q,,Q >= 0; we obtain

Qp = 0,0 — 0, KQ.

We can relate the basis {Q, Qq, Qq, Q} to the integral symplectic basis {g?, ga} by the

following formulas

0Fy
Q=X"ga+ 570"

— =A OF, — Bt
0=X gA+aXOAgA, D = 9o + gotbng? — 0,K(XAgs + 2agh).  (4.3)

The symplectic pairings between {2, ;,Q;, Q} are

2
Qo= ga+ a)?a%gB - aaK(XAgA + g)?glg ) (42)

<Q,0>=—ie K, < Q;,Q >= —iGye X,

where G; is a Kéhler metric on M defined by G;; = 0,;0;K. As the commutation relations

are not the standard one, we introduce the following cohomology classes

& = iGIAT, = ek T,
Due to the relations
<Q,0>=1, < Q0 >=4,

we can say that {Q,QG,Q“,Q} constitutes a symplectic basis, which specifies a complex
hermitian polarization.

Directly differentiating the above expressions with respect to the parameters t* and
1%, we have

0,0 =Q; — 0, KQ, BZQ] —0; KQ + F Qk + ZCl]kQ

9,0 = 0,KQ, 80 = O, KV = THOF — Q6,5
k

(4.4)



where I’fj is the Christoeffel symbol for the Kéhler metric G;;. And

Sl

8,9, = GyQ,

Q=
3 ik (4.5)
90 = —G5,0, 9,00 = —ie* Ty,

Applying (B.2), we obtain from ([L.4), ([.5) equations governing the dependence of the state
W(z!,t ¢ \) on t',#" (holomorphic anomaly equation).

ov L2 ox i ik 0 ;0

57 = [_)\ e CpGI G S 907 + G; gg e 5 T Ci (4.6)
v ; 1 ;

% - [ Oaaz _&K( % + 2 an> _PZ”UJ% - §A_20ijk$jwk+l7i v, (4.7)

Notice that usually these equations are written with C; = 0, D; = 0. This is possible
if we consider only one of these equations; fixing C; or D; corresponds to (physically
irrelevant) choice of normalization of the wave function. However, in general it is impossible
to assume that C; = 0, D; = 0. (We can eliminate C; or D; changing the normalization of
the wave function, but we cannot eliminate both of them.) Let us emphasize that C; and
D; are constraint by the requirement that ([.4) has a solution.

5. Holomorphic polarization

Let us start again with the integral symplectic basis {go, ga, 9%, ¢°}. We will normalize the
form Q requiring that < ¢°,Q >= X% = 1. We would like to define a symplectic basis in
the middle dimensional cohomology that depends holomorphically on the points of moduli
space. Namely, we will consider the following basis in H3(X,C),

¢’ =g,
% — ga _qa 0
€q = 0,82,

eo = Q= go + Xga + 0 Fog" + Ao Fog’,

where 9, stands for the Gauss-Manin connection. It is easy to check that this basis is
symplectic.
Using the above relations, we obtain an expression of the new basis in terms of the
integral symplectic basis g4, g4,
0 = ¢°
a _ ga _ o 0’

)
eo = go +t%ga + a—{ﬁga + <2fo —t* 0{°>g , (5.1)
Pfo 4 ofo . fo \ o
Ca = 90T Gragpd T (% - ataatb>g



Let ga,¢? denote the coordinates on the basis ¢”, ga, and €4, e? the coordinates on the
basis e?, e4. Equation (B.§) permits us to relate the wave function in real polarization to
the wave function in our new basis (in holomorphic polarization)

\I}hol(617 ti7 )\) = ei%A72RAB€A€B \I}real(eoa ei + tiGO’ )‘)7 (52)

2fo 9L
% 82]('0 .

ote  gtagtb

where R is a the matrix

Notice that Wy, is defined up to a t-dependent factor; we use Equation (p.9) to fix this
factor.
Using that ¢°, g%, ga, go are covariantly constant with respect to the Gauss-Manin con-
nection 8,, we see that
Opeo = €y, Oveq = Capee”

5.3
e = Gype, 9pe’ = 0, (5:3)

where Cupe = 0,0,0.fo. Applying Equation (B.2), we obtain from Equation (5.J) the
dependence of the state Wy (e, %, \) on the coordinates ¢!, ,t"

Z TN T € _ =
de? 2

5a — A 20 0% + Ja(t)> \I’hol(eA, 4 N). (5.4)

The function Wy, defined by the Equation (p.2) obeys Equation (5.4) with o, = 0. We
remark that because our basis is holomorphic, the state ¥ does not depend on antiholo-
morophic variables £'. Therefore Equation (F.4) is the only equation the state W (€;, £, \)
has to satisfy. This equation can be easily solved. The solution can be written as follows,

U = eXp(Wl + WQ),

Wy = W(e, % + ), (5.5)
_ =210 5 Ofo ;o 0y2
W= (2&52‘&]’“ T e T hE))

here W is an arbitrary function of h%*! + 1 variables.
Comparing the above expression with Equation (f.9), we obtain

exp(W) = Uyeal. (5.6)

Let us consider now the B-model in the neighborhood of the maximally unipotent
boundary point. We choose ¢° as covariantly constant cohomology class that can be ex-
tended to the boundary point and we define g* as covariantly constant cohomology classes
having logarithmic singularities at the boundary point. The special coordinates coincide
with the canonical coordinates and the basis {e#, e4} coincides with the basis that is widely
used in the theory of mirror symmetry. (See [[], section 6.3). This can be derived, for ex-
ample, from the fact that the Gauss-Manin connection described by the formula (f.d ) has
the same form in both bases.

,10,



6. Partition function of B-model

The partition function ¥ of the topological sigma model on a Calabi-Yau threefold X (and

more generally of twisted N = 2 superconformal theory) can be represented as ¥ = ef

where

F =Y N97Fy(t,1), (6.1)

and F, has a meaning of contribution of surfaces of genus g to the free energy. The

(9)

correlation functions C’l-1 ... ;. can be obtained from F, by means of covariant differentiation.

7in
Notice that in Equation (6.1]) we can consider ¢ and ¢ as independent complex variables.

The covariant derivatives with respect to ¢ coincide with in the limit when ¢ — oo and

at'
t remains finite.

It is convenient to introduce the generating functional of correlation functions

29-2>(9) in A
W\ z,t,t) = szw T +<24 1>log()\), (6.2)

g=0n=1

where Cz(lg)ln =0 for 2g — 2+ n < 0. The number x is defined as the difference between
the numbers of the bosonic and fermionic modes; in the case of topological sigma-model it
coincides with the Euler characteristic of X (up to a sign).

The function W obeys the following holomorphic anomaly equations (Equation 3.17,

3.18, )

2 a2 ‘
i exp(W) = [%UijkeQKG”Gkk 3 - Gya? ()\3 +x i)} exp(W),  (6.3)

ot 23 dxk O\ Dk
and
0 0 0 0 1 ;
[atl +Tk, xjﬂ—{—a K(ﬂ_l A(?A)} exp(W) = [@—@Fl—ﬁ@jkx]xk] exp(W).
(6.4)
One can modify the definition of W by introducing a new function /VIV/,
()\ zt p,t,t) = ZZ )\29 2c 117 Wm“ ceginpTn(2072) 4 <2X—4 - 1> log p
g=1n=1 !
)\ z - X
=W > 6t ) — ﬂ_l log(A). (6.5)
The function W (we will call it BCOV wave function) satisfies the equations
0 =~ Nk O 0 ~
ﬁexp(W) = [ 5 s D07 Ok + Gyv? 8[)} exp(W), (6.6)
0 =~ 0 0 0 .0 1 ,
N P PRI B SN SR
g “P(V) [p oz 2 (p op " ay) 5 gk T g kT
—OiF) — am(% - 1)] exp(W). (6.7)
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Equations (p.4) follows from (B.3); it is equivalent to the equation (6.11) of [f. And
equation (b.7) follows from equation (f.4).

The above equations are valid for any topologically twisted N = 2 superconformal
theory coupled to gravity. We will apply them to the study of B-model. In this case, it is
clear from comparison of equations (5.6) with (f[zg) that exp(W) can be interpreted as a
wave function corresponding to the complex hermitian polarization considered in section
3. The equation (f.6) implies that exp(W) is a projectively flat section. Let us emphasize
that exp(W) is a well defined function determined from worldsheet considerations and the
wave function is specified only up to a factor. Considering exp(W) as a wave function
we fix this factor. The fact that the wave function in complex hermitian polarization can
be considered as a one-valued function on the whole moduli space of complex structures
(monodromy transformations act trivially) was essentially used in [[. Notice also that
the worldsheet interpretation of the wave function permits us to analyze its behavior at
boundary points of the moduli space; this information imposes further restrictions on the
quantum state obtained by quantization of genus zero theory.

The function W()\, x, p,t,00) can be represented in terms of F'(\,¢,00) in the following

way

wonnso -S4 Ao ) e () (o

g
2 (]
9Fy(t, 00) 197 F(t, o0) x‘”)—(i—l)logp

Xz
ot p 2 ot p? 24

_F<— t4+ = ,oo) Fi(t <%>2<Fo(t,00)+
+

OFy(t,00) 2' 10 2Fo(t, o0) riad X
o 5 T3 anan ) 24—1 log p (6.8)

=0y, -+ 0;, Fy(\ t,00), the expression for W as £ — 0o can be

(Due to the relation C'Z(lg)
considered as Taylor series; for ¢ = 0 and g = 1 the first few terms of the Taylor series are

ytn

missing because one assumes that ngﬁ)... i = 0 for 2g — 2+ n < 0.) Notice that the above
formula can be used both for A-model and for B-model (in the latter case ¢* are canonical
coordinates in the neighborhood of maximally unipotent boundary point).

As we have seen in the language of B-model, eXp(W()\, x,p,t,00)) can be interpreted
as a wave function in the complex hermitian polarization for { = co. From the other side,
the complex hermitian polarization for ¢ = co coincides with holomorphic polarization (see
appendix). This means that up to a t-dependent factor exp(W()\, x, p,t,00)) coincides with
the wave function in holomorphic polarization.

Let us give another proof of this fact that permits us to calculate the ¢-dependent
factor.

We defined the wave function in holomorphic polarization as a solution to the equa-
tion (p-4). The function exp(W (A, z, p,t,00)) obeys a little bit different equation (for
t = oo, we can take 9, K = 0, F’;j = 0 in the equation (@)) Comparing these equations,
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we see that (up to a constant factor)

V(N z,p,t) =exp(W(A x,t, p,00)) exp(F1). (6.9)

It follows from this expression that our function W(\, x, p,t) coincides with the modification

of BCOV wave function exp(W(A,x,t,p, 00)) considered in [11], [6].

Using the expression (F.8) of W and (5.9), we have the following expression for ¥

A iy _ oFy . 1 82F0 o
U = F(Z = — 22| F 2 Calp 4+ = L gl
eXp< (p’Hp’OO) 4 <°(t’oo)p T or TP Snan "

= <% - 1) 1og(p)>. (6.10)

We use Equation (f.9) to compute the corresponding wave function in the real polarization

by identifying p = €, 2% = €'.

. ) )
\Ilreal(eo,el + tzeo,)\) = exp <F<€—O,tZ + 6—0,oo> - <% — 1) 10g(60)>. (6.11)

Accordingly, if we set 2° = €® and ' = € 4 t'®, we have

< A X
0 2 _ 0
Ueal(z”, 2%, \) = exp <F<F’ ok oo> — (ﬂ — 1> log(z )) (6.12)

It follows from this equation that
Ureal(cz?, ez, eX) = Uy (20, 27, )\)c*(%ifl) (6.13)

Using (2.10) one can conclude that similar homogeneity property is valid in any po-
larization:

U(cz,e,c\) = \If(:v,e,)\)cf(%fl) (6.14)

To clarify the physical meaning of exp(W), it is convenient to consider the mirror
A-model and to take the limit £ — co. Then the free energy Fy and therefore the functions
W and W can be expressed in terms of Gopakumar-Vafa invariants n% and topological

invariants of the mirror manifold X. Namely

F=InU=> N92F(t)=F +F" (6.15)
g

can be represented as a sum of two summands F’ and F” where F’ corresponds to non-
trivial instanton contribution of the mirror A-model with the form

f g 1 .omA 292 ntB
F' = Z g 281n7 e, (6.16)

n,g,8#0

and the constant map contribution F” can be represented as

151452463 B ~
" __ -2
F" = const + X ZT/X&UBQUﬁ —ﬂ/)zBUCQ(X). (6.17)
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In (p.16) we assume that 3 runs over the two-dimensional integral homology group of
X (more precisely, only the elements in the positive cone of this group are relevant);
in (p.17) B8 runs over a basis of this group. Recall that the two-dimensional cohomology
group labels the deformations of Kahler structures on X ; in the language of mirror B-
model it corresponds to the cohomology group H?!(X) that labels deformations of complex
structures; the coordinates t° correspond to canonical coordinates on the moduli space of
complex structures of the corresponding B-model.

Instead of free energy F' = F’ + F” one can consider the partition function Z = ef’
represented as a product of two factors Z/ = ef’ "and 2" = . By means of formal

manipulations (see [f), one can derive from (B.16) the following expression?® for Z’ :
7' =] - Asq")ms (6.18)
where

29 — 2
my = snf+ (-1 > n%( I ) (6.19)

g>1+]s|

A=e? (6.20)

¢® = expt®. (6.21)

Using the expression (f.9), we obtain an expression of the wave function in holomorphic

polarization:
U\ z,p,t) = o'y,

where U’ is expressed in terms of Gopakumar-Vafa invariants n% with g > 0. More precisely,

1 2g—2 8
W'\, z,p,t) = exp < Z n%E<QSinZL_}‘> em(tﬁ+ n ))

m,g>1,87#0 P

. el S
_ H <1 _efzs%+(tﬁ+7))m@. (622)
s,0#£0

A. Relation between complex hermitian polarization and holomorphic po-
larization

Here we relate the holomorphic polarization to the complex hermitian polarization.
Since both bases are expressed in terms of the real basis {g, g}, we can compute the
expression of {2, Q,, 2% Q} by {eo, eq, €%, €} as follows.

Q= €0,
Oy = e, — 0, Kep,
Q= iefeq + ieK(Ya — XYeq + 0, Ke + ev, (A.1)

0 = G“B[ — iR Keo + iefep, — ieK(YC — X0 Kee
+(G5c + Oy KO K — 86[(({95[()66]

2To give a precise meaning to () one can consider this expression as an element of Novikov ring with

generators ¢° and with coefficients in Laurent series with respect to A; the generators obey the relation
8,8 _ B+8
a9 =q .
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We recall that in the neighborhood of maximally unipotent boundary point, the func-

tion Fy has the following expression
o dgp XX XE :
0 k 0\2
Fo(X7, X") = UT +c(X7)" 4+ 0(q"),

where o is a holomorphic function and ¢’ = exp(27it’). The expression o(q") is bounded
in the neighborhood of the boundary point ¢* = 0.

In the followmg computation, we set X? = 1. Substituting the above expression of Fj

into K = —log(i (X 6F0 XA(,?)I;%)), we obtain

— log (Z (Jijkt P — dijktitjtk + 3dijkfitjtk - 3Jijktifjt_k + 2(6 - 5) + QD)),
where ¢ is equal to
~log(a' ) g + 108l G +10(@a 5 — log(a )1

Differentiating K respect to t*, we have

3dg ikttt — 6daipt'th + 3dajitI " — Oa¢p
Jijkﬁfj{j — dijktitjtk + 3dijkfitjtk — 3Jijktifjfk + 2(6 — 5) +

0. K =

Similarly,

3dy ik TP — 6dgpt'th + 3dgint'th — 0,
K = ocott L = Dl L4l ZCup (A.2)
dijkt’t]t] — dijkt’t]t + 3dijkt’t]t — 3dijktltjt + 2(0 — C) +p

Taking the derivative of 9,K respect to £, we obtain

—6dbaktk + 6Jabkf’“ n
dijpl'tIt7 — djptitith + 3d, 17tk — 3d, 7tk + 2(c — ) + ¢
B (3dajitit* — 6dyikt'th + 3da ikt " + Oap) (3dpj it t* — 6dpixt'th + 3dyjtIt")

(dignF BT — dijptitith + 3d;jpFitith — 3dijti Btk + 2(c — &) + ¢)°

B0 K = (A.3)

1 1
K
e = = ———— — — = —— .
e K ’L'(dijktzt]tj - dz‘jktlﬁtk + 3d2‘jktzt]tk - 3dijktzt]tk + 2(0 - 5) + QD)

Let us consider ¢ and ¢ in these formulas as independent complex variables; then the
basis (Q,Qa,ﬁa,ﬁ) is not hermitian anymore. We will check that this basis tends to
(€0, €a,e®, €%) as ¢ converges to 0 (and therefore £ — oo) with fixed ¢.

Fixing ¢ and taking ¢ — oo, we have that

® ~ O(E)a 8ag0 ~ O({)’ @ ~ O(l)’

where O(1) stands for bounded terms.
And therefore, we have the following asymptotic leading terms.
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dyint't
1. aaK ~ 3%,
dijkt t't
dg it
2. 8QK ~ —3%,
ijkt T
R R o o o
3 G5~ Gdabktk - gdajkdblmtjt A
- Uab T Timjok T Tizikhg
dijpt t't (dljkt ')
’ldijkt t't

diajjbklyi%k%ltj + Jaijcfkbﬁifjfltk )

ity data T T — dyijdyarl PT 18

dijrdimnt PTTET

5. 0, KO, K — O, KO, K ~ (

If we let £ = 5'v and v — 0o, we have the following asymptotic behavior (up to a
factor),

1.

&

K ~

?

=

b
S

KN

?

=

3. Gy~ %LGE, where L; is a nondegenerate anti-holomorphic matrix;
K 1.
4. e ~ 39

5. 0.KOK — 0, KO, K ~ .

Substituting the above asymptotic expressions into Equation ([A.]) and taking the limit
t — oo by letting v — oo, we have

- e (A.4)
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